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panato Example 2.2 $H^{1}$
ffactional integral




$I_{\alpha}$ : $L^{p}(\mathbb{R}^{n})arrow L^{q}(\mathbb{R}^{n})$ $bdd$ .




(1.2) $\frac{1}{A_{1}}$ $\frac{\rho(s)}{\rho(r)}\leq A_{1}$ for $\frac{1}{2}$ $\frac{s}{r}\leq 2$ ,
(1.3) $\frac{\rho(r)}{r^{n}}\leq A_{2}\frac{\rho(s)}{s^{n}}$ for $s\leq r$ ,
$A_{1},$ $A_{2}>0$ $r,$ $s>0$ [ $\rho(r)=r^{\alpha},$ $0<\alpha<n$
$I_{\rho}$ actiona ntegral $I_{\alpha}$
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Theorem $I_{\rho}$ Theorem 12 Orlicz
$\mathcal{F}$ $\Phi$ : $[0, +\infty)arrow[0, +\infty)$
$\Phi\in \mathcal{F}$
$\Phi(0)=0$ , r\rightarrow +\infty lin $\Phi(r)=+\infty$
$\Phi(+\infty)=+\infty$
$\Phi\in \mathcal{F}$ $\Phi$ Orlicz $L^{\Phi}(\mathbb{R}^{n})$
$L^{\Phi}(\mathbb{R}^{n})=\{f\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathbb{R}^{n})$ : 1 $\Phi(\epsilon|f(x)|)dx<+\infty$ for some $\epsilon>0\}$ ,
$||f||_{L} \circ=\inf\{\lambda>0:\int_{\mathrm{R}^{n}}\Phi(\frac{|f(x)|}{\lambda})dx\leq 1\}$ .
$L^{\Phi}(\mathbb{R}^{n})$ $||f||_{L^{\Phi}}$ Banach $\Phi$
$2^{-\mathrm{c}\mathrm{o}\mathrm{n}}$ tion $\Phi\in\nabla_{2}$
$\exists k>1$ $\mathrm{s}.\mathrm{t}$ . $\Phi(r)\leq\frac{1}{2k}\Phi(kr)$ , $r\geq 0$ .
$\Phi$ complementary function
$\tilde{\Phi}(r)=\sup\{rs-\Phi(s) : s\geq 0\}$ , $r\geq 0$ .
Theorem 1.2 ([3]). $\Phi,$ $\Psi\in \mathcal{F}$ $\Phi\in\nabla_{2}$
(1.4) $\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0$ ,
(1.5) $\int_{r}^{+\infty}\tilde{\Phi}(\frac{\rho(t)}{Cf_{0}(\rho(s)/s)ds\Phi^{-1}(1/r^{n})t^{n}})t^{n-1}dt\leq C$ , $r>0$
$I_{\rho}$ : $L^{\Phi}(\mathbb{R}^{n})arrow L^{\Psi}(\mathbb{R}^{n})$ $bdd$.
[ $\Phi(r)=r^{p},$ $\Psi(r)=r^{q},$ $\rho(r)=r^{\alpha}$ (1.4)
$-n/p+\alpha=-n/q$
Ractional integral $I_{\alpha}$ Figure 1
Figure 1 $I_{\rho}$ Hardy $H^{p}$
-#
$-n/p+\alpha=-n/q$






FIGURE 1. Boundedness of fractional integrals
2.
$\Phi\in \mathcal{F}$
$\Phi(r)/r^{n/(n+1)}$ is almost increasing
$\mathcal{F}_{0}$
Definition 21. $\Phi\in \mathcal{F}_{0}$ , $1<q\leq\infty$ $\mathbb{R}^{n}$ $a$
$(\Phi, q)$-atom .
$\exists B$ ,ball, $\mathrm{s}.\mathrm{t}$ . $\{_{\int a(x)dx=0}^{\sup \mathrm{p}a\subset B}||a||_{q}\leq|B|^{1/q}’.\Phi^{-1}(\frac{1}{|B|})$ ,
$|B|$ ball $B$ Lebesgue











$\Phi(r)\ovalbox{\tt\small REJECT} 1/U(1\beta)$ $H\ovalbox{\tt\small REJECT}^{q}’(\mathbb{R}^{n})\ovalbox{\tt\small REJECT} H^{9\ovalbox{\tt\small REJECT}}(\mathbb{R}^{n})$
$q\ovalbox{\tt\small REJECT}\otimes$ $\Phi(r)\ovalbox{\tt\small REJECT} 1/U(1/r)$ $H\ovalbox{\tt\small REJECT}^{q}.(\mathbb{R}^{n})\ovalbox{\tt\small REJECT} H^{3}(\mathbb{R}^{n})$
$d(f,g)=U(||f-g||_{H_{U}^{\Phi.q}})$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})$
$I(r)=r$ ||f||H , $q$ $H_{t}^{\Phi,q}(\mathbb{R}^{n})$ Banach
$\Phi(r)=r^{p},$ $n/(n+1)<p\leq 1$ , $H^{\Phi}(\mathbb{R}^{n})=H^{p}(\mathbb{R}^{n})$
$1<q_{1}<q_{2}\leq\circ \mathrm{o}$ $\Rightarrow$ $H_{U}^{\Phi,q2}(\mathbb{R}^{n})\subset H_{U}^{\Phi,q1}(\mathbb{R}^{n})$ ,
$\Psi(r)\leq\Phi(Cr)$ for all $r>0$ $\Rightarrow$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{U}^{\Psi,q}(\mathbb{R}^{n})$,
$V(r)\leq CU(r)$ for $0\leq r\leq 1$ $\Rightarrow$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{V}^{\Phi,q}(\mathbb{R}^{n})$ ,
$U$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{t}^{\Phi,q}(\mathbb{R}^{n})$.
$1<q\leq\infty$
$L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}(\mathbb{R}^{n})=\{f\in L_{\infty \mathrm{m}\mathrm{p}}^{q}(\mathbb{R}^{n})$ : $\int f(x)dx=0\}$
$L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}(\mathbb{R}^{n})$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})$
$\phi:(0, +\infty)arrow(0, +\infty)$ doubling con tion
$C>0$ $\mathrm{s}.\mathrm{t}$ . $\frac{1}{C}\leq\frac{\phi(s)}{\phi(r)}\leq C$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2$ .
Definition2.3. $1\leq p<\infty$ $\phi$ doubling condition . Campanato
$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})$
$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\{f\in L_{1\mathrm{o}\mathrm{c}}^{p}(\mathbb{R}^{n}) : ||f||_{\mathcal{L}_{\mathrm{p},\phi}}<+\infty\}$ ,
$||f||_{\mathcal{L}_{\mathrm{p}.\phi}}= \sup_{B=B(z,r)}\frac{1}{\phi(r)}(\frac{1}{|B|}\int_{B}|f(x)-f_{B}|^{p}dx)^{1/p}$ ,
$f_{B}= \frac{1}{|B|}\int_{B}f(x)dx$ .
$B(z, r)$ $z\in \mathbb{R}^{n}$ $r>0$ ball
$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})$ $\Delta$
$||f||_{\mathcal{L}_{\mathrm{p},\phi}}$ } Banach
$1\leq p_{1}<p_{2}<\infty$ $\Rightarrow$ $\mathcal{L}_{p_{2},\phi}(\mathbb{R}^{n})\subset \mathcal{L}_{p_{1},\phi}(\mathbb{R}^{n})$
$\phi(r)\leq C\psi(r)$ for all $r>0$ $\Rightarrow$ $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})\subset \mathcal{L}_{p,\psi}(\mathbb{R}^{n})$ .
$\phi\sim\psi$ $\Rightarrow$ $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\mathcal{L}_{p,\psi}(\mathbb{R}^{n})$ , $||f||_{\mathcal{L}_{\mathrm{p},\phi}}\sim||$fllLp, .
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$\phi$ almost increasing . l<p<\otimes {
$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\mathcal{L}_{1,\phi}(\mathbb{R}^{n})$ , $||f||_{\mathcal{L}_{\mathrm{p},\phi}}\sim||f||_{\mathcal{L}_{1,\phi}}$ .
$\mathrm{B}\mathrm{M}\mathrm{O}_{\phi}(\mathbb{R}^{n})$ $\phi\equiv 1$ $\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{R}^{n})$
Theorem 2.1. $1<q\leq\infty,$ $1/q+1/q’=1,$ $\Phi\in \mathcal{F}_{0}$ $r^{n/q}\Phi^{-1}(1/r^{n})$ almost
decreasing $U\in \mathcal{F}$






Example 21. $\Phi(r)=r$ $\phi(r)\equiv 1$ .
$(H_{U}^{1,q}(\mathbb{R}^{n}))^{*}=\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{R}^{n})$ .
Exaenple 22. $\beta\in \mathbb{R}$ $\Phi_{\beta}\in \mathcal{F}$ ,
$\Phi_{\beta}(r)=\{$
$r(\log(1/r))^{-\beta}$ for small $r$ ,
$r(\log r)^{\beta}$ for large $r$
$\beta<0$ $\Phi_{\beta}$ $\beta>0$ $\Phi_{\beta}$
$\Phi_{\beta}^{-1}(r)\sim\{$
$r(\log(1/r))^{\beta}$ for small $r$,
$r(\log r)^{-\beta}$ for large $r$ .
$\Phi_{\beta}^{-1}(\frac{1}{r^{n}})\sim\{$
$r^{-n}(\log(1/r))^{-\beta}$ for small $r$ ,
$r^{-n}(\log r)^{\beta}$ for large $r$ .
$\phi_{\beta}(r)=\frac{1}{r^{n}\Phi_{\beta}^{-1}(\frac{1}{r^{n}})}$
$\phi_{\beta}(r)\sim\{$
$(\log(1/r))^{\beta}$ for small $r$,
$($1Og $r)^{-\beta}$ for large $r$ .
$\beta<0$ $\phi_{\beta}$ almost increasing $\vee\tau^{\backslash }\backslash$ $\text{ }$
$(H_{U}^{\Phi_{\beta},q}(\mathbb{R}^{n}))^{*}=\mathrm{B}\mathrm{M}\mathrm{O}_{\phi_{\beta}}(\mathbb{R}^{n})$.
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$\beta>0$ $\phi_{\beta}$ almost decreasing .
$(H_{U}^{\Phi\rho,q}(\mathbb{R}^{n}))^{*}=\mathcal{L}_{q’,\phi_{\beta}}(\mathbb{R}^{n})$ .
Proposition 2.2. $\Phi\in F_{0}$ $U\in \mathcal{F}$
$\frac{1}{U^{-1}(Cr)}\leq\Phi^{-1}(\frac{1}{r})\leq\frac{U^{-1}(\frac{C\epsilon}{r})}{U^{-1}(s)}$ for $0<s\leq r<+\infty$ ,
$U(rs)\leq CU(r)U(s)$ for $0<r,s\leq 1$
$H_{U}^{\Phi,q}(\mathbb{R}^{n})=H_{U}^{\Phi,\infty}(\mathbb{R}^{n})$.
Example 2.3. $n/(n+1)\leq p_{1}\leq p_{2}\leq 1$
$\Phi(r)=1/U(1/r)=\{$
$r^{p1}$ for smal $r$,
$r^{p2}$ for large $r$,
$H^{\Phi,q}(\mathbb{R}^{n})=H^{\Phi,\infty}(\mathbb{R}^{n})$ .
$\rho:(0, +\infty)arrow(0, +\infty)$ (1.1)-(1.3)
$| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2$
$q=\infty$
Theorem 2.3. $\Phi,$ $\Psi\in \mathcal{F}_{0}$ $U,$ $V\in F$
(2.1) $\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0$ ,
(2.2) $V(rs)\leq CV(r)U(s)$ , $0\leq r,$ $s\leq 1$ ,
$0<\exists\theta<1s.t$ .
$\int_{r}^{\infty}V((\frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/\theta)-1})t^{-1}dt\leq C$ , $r>0$ ,
$\int_{r}^{+\infty}t^{n}(\Psi^{-1}(\frac{1}{t^{n}}))^{1/\theta}t^{-1}dt\leq Cr^{n}($ $r>0$ ,$\Psi^{-1}(\frac{1}{r^{n}}))^{1/\theta}$ ,
$\frac{\rho(r)}{r^{n+1}}(\Psi(\frac{1}{r^{n}}))^{-1/\theta}$ is almost decreasing
$I_{\rho}$ : $H_{U}^{\Phi}(\mathbb{R}^{n})arrow H_{V}^{\Psi}(\mathbb{R}^{n})$
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(2.2)
$\forall C_{1}>0\exists C_{2}>0$ $\mathrm{s}.\mathrm{t}$ . $0<s,t\leq C_{1}\Rightarrow V(st)\leq C_{2}V(s)U(t)$
Theorem 24. $\Phi\in F_{0}$ $\Psi,$ $U\in \mathcal{F}$ $\Psi$ $U$ t
$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0$ ,
$\int_{r}^{+\infty}\Psi(\frac{\rho(t)r^{n+1}\Phi^{-1}(1/r^{n})}{t^{n+1}})t^{n-1}$ dt\leq C $r>0$
$I_{\rho}$ : $H_{U}^{\Phi}(\mathbb{R}^{n})arrow L^{\Psi}(\mathbb{R}^{n})$
Exmple2.4. $\alpha>0$
$\rho_{\alpha}(r)=\{$
$(\log(1/r))^{-\alpha-1}$ for small $r$,
$(\log r)^{\alpha-1}$ for large $r$
$. \int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\{$
$(\log(1/r))^{-\alpha}$ for small $r$ ,
$(\log r)^{\alpha}$ for large $r$ .
$\Phi_{\beta}$ Example 22
$\Phi_{\beta}^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\Phi_{\beta+\alpha}^{-1}(\frac{1}{r^{n}})$ .
Theorems 23, 2.4 Figure 2 \prec
3.
Lemma 3.1.
$\sup_{0<s<1}\frac{U(rs)}{U(s)}arrow 0$ $(rarrow 0)$
$\ell\in(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}$
$|| \ell||=\sup\{|\ell(f)|$ : $||f||_{H_{U}^{\Phi,q}}\leq 1\}<+\infty$ .
Theorem 21 . $g\in \mathcal{L}_{q’,\phi}(\mathbb{R}^{n})$ $(\Phi, q)$-atom $a$ 1
$ag\in L^{1}(\mathbb{R}^{n})$
$\int a(x)g(x)dx=\int a(x)(g(x)-g_{B})dx$ .
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$f\in L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}(\mathbb{R}^{n})$ $fg\in L^{1}(\mathbb{R}^{n})$ .
$f= \sum_{j}\lambda_{j}a_{j}$. , $U^{-1}( \sum_{j}U(|\lambda_{j}|))\leq 2||f||_{H_{U}^{\Phi,q}}$
$\int f(x)g(x)dx=\sum_{j}\lambda_{j}\int a_{j}(x)g(x)dx$ ,
$| \int f(x)g(x)dx|\leq C(\sum_{j}|\lambda_{j}|)||g||_{\mathcal{L}_{q’,\phi}}$
$\leq CU^{-1}(\sum_{j}U(|\lambda_{j}|))$ llgllLq” $\leq 2C||f||_{H_{U}^{\Phi.q}}||g||_{\mathcal{L}_{q’.\phi}}$ .
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$\ell\in(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}$ $B=B(z, r)$ $f\in L^{q,0}(B)$
$a(x)=\{$
$|B|^{1/q} \Phi^{-1}(\frac{1}{|B|})||f||_{q}^{-1}f(x)$ $x\in B$
0 $x\not\in B$
$a$ $(\Phi, q)$-atom t
$|\ell(a)|\leq||\ell||$ ,
$\frac{|\ell(f)|}{||f||_{q}}\leq||\ell||(|B|^{1/q}\Phi^{-1}(\frac{1}{|B|}))^{-1}\sim||\ell||\phi(r)|B|^{1/q’}$ , $f\in L^{q,0}(B)$ .
$L^{q,0}(B)$ $L^{q}(B)$ Hahn-Banach
$||\ell||_{(L^{q}(B))^{*}}\leq C||\ell||\phi(r)|B|^{1/q’}$ ,
$\exists h^{B}\in L^{q}’(B)$ $\mathrm{s}.\mathrm{t}$ .
$\ell(f)=\int_{B}f(x)h^{B}(x)dx$ , $||h^{B}||_{L^{q’}(B)}\leq C||\ell||\phi(r)|B|^{1/q’}$ .
$g^{B}(x)=h^{B}(x)-(h^{B})_{B},$ $x\in B$ ,
$(g^{B})_{B}=0$ , $||g^{B}||_{L^{q’}(B)}\leq C||\ell||\phi(r)|B|^{1/q’}$
$\ell(f)=\int_{B}f(x)h^{B}(x)dx=\int_{B}f(x)g^{B}(x)dx$ , $f\in L^{q,0}(B)$ .
ball $B$ $g^{B}$ $\{g^{B}\}_{B}$
$\exists g\in L_{1\mathrm{o}\mathrm{c}}^{q’}(\mathbb{R}^{n})$ $\mathrm{s}.\mathrm{t}$ . for each ball $B$ , $g-g_{B}=g^{B}$ on $B$ .
$g\in \mathcal{L}_{q’,\phi}(\mathbb{R}^{n})$ , $||g||_{\mathcal{L}_{q’,\phi}}\leq C||\ell||$ ,
$\ell(f)=\int f(x)g(x)dx$ for $f\in L_{\mathrm{c}o\mathrm{m}\mathrm{p}}^{q,0}(\mathbb{R}^{n})$ . $\square$
Definition 3.1. $\Phi\in \mathcal{F}_{0}$ $0<\theta<1$ $\mathbb{R}^{n}$ $M$





Proposition 3.2. $\Phi,$ $\Psi\in F_{0}$ $U,$ $V\in \mathcal{F}$
$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0$ ,
$0<\exists\theta<1$ $s.t$. $\frac{\rho(r)}{r^{n+1}}(\Psi(\frac{1}{r^{n}}))^{-1/\theta}$ almost decreasing
. $a$ $(\Phi, \infty)$-atom $I_{\rho}a$ $(\Psi, \infty, \theta)$ -molecule ‘
$N(I_{\rho}a)\leq C$ $C$ $(\Phi, \infty)$ -atom $a$
Proposition 3.3. $\Psi\in \mathcal{F}_{0}$ $V\in F$
$0<\exists\theta<1s.t$ . $\int_{r}^{\infty}V((\frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/\theta)-1})t^{-1}dt\leq C$ , $r>0$
$M$ $(\Psi, \infty,\theta)$ -molecule $M\in H_{V}^{\Psi}(\mathbb{R}^{n})$




, $U^{-1}( \sum_{j}U(|\lambda_{j}|))\leq 2||f||_{H_{U}^{\Phi}}$ ,
$||f||_{H_{U}^{\Phi}}\leq 1$ .
$\text{ }$ Proposition 32 Proposition 33 ,
$I_{\rho}a_{j}= \sum\lambda_{j,k}a_{j,k}$ , $a_{j,k}$ are $(\Psi, \infty)$-atoms, $V^{-1}[ \sum V(|\lambda_{j,k}|)]\leq C$.
$k$ $\backslash k$








$V(||I_{\rho}f||_{H_{V}^{\Psi}})\leq CU(||f||_{H_{U}^{\Phi}})$ f$\mathrm{o}$r $||f||_{H_{U}^{\Phi}}\leq 1$ . $\square$
Proposition 34. Theorem 2.4 $a$ $(\Phi, \infty)$ -atom
$I_{\rho}a\in L^{\Psi}(\mathbb{R}^{n})$ , and $||I_{\rho}a||_{L^{\Psi}}\leq C$.
$C$ $(\Phi, \infty)$ -atom $a$ [









$||I_{\rho}f||_{L^{\Psi}} \leq\sum_{j}|\lambda_{j}|||I_{\rho}a_{j}||_{L^{\Psi}}\leq C\sum_{j}|\lambda_{j}|\leq 2C||f||_{H_{I}^{\Phi}}$
. $\square$
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